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1. The count of item i? 

2. Top k items? 

3.

4. Distinct items?

𝜙 − heavy hitters?

Streaming Algorithms

Catalog of items

Data stream

Objective: Answer queries

1. High arrival rate, e.g., 1M item/s 
2. Limited memory And one pass algorithm

Network monitoring + clickstream analytics

Constraints
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 Counter-based 

Id + count for a subset of items, e.g., 
Space Saving [4], Frequent [1,2]  

Classical Streaming Algorithms

[1 ]Misra, S., & Gries, D. (1982). Finding repeated elements. Science of Computer Programming, 2(2), 143–152. 
[2] Demaine, E. D., López-Ortiz, A., & Munro, J. I. (2002). Frequency estimation of internet packet streams with limited space. In European Symposium on Algorithms (ESA) (pp. 348–360). 
[3] Charikar, M., Chen, K., & Farach-Colton, M. (2002). Finding frequent items in data streams. In International Colloquium on Automata, Languages and Programming (ICALP) (pp. 693–703). 
[4] Metwally, A., Agrawal, D., & El Abbadi, A. (2005). Efficient computation of frequent and top-k elements in data streams. In International Conference on Database Theory (ICDT) (pp. 398–412). 
[5] Cormode, G., & Muthukrishnan, S. (2005). An improved data stream summary: The Count–Min sketch and its applications. Journal of Algorithms, 55(1), 58–75.
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Id + count for a subset of items, e.g., 
Space Saving [4], Frequent [1,2]  

Sketch-based 

Random projection of counts vector, 
e.g., Count-Sketch [3], Count-Min-
Sketch [5].

Sparse random matrix

Classical Streaming Algorithms
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Popularity estimation

Count-Min Sketch (CMS)
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Example:

Popularity estimation

Count-Min Sketch (CMS)
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Count-Min Sketch (CMS)

Example

Implicit storage via d hash functions:
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Count-Min Sketch (CMS)

Update Rule

Count Estimation

Example

Implicit storage via d hash functions:
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CMS with Conservative Updates (CMS-CU)
Example
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CMS with Conservative Updates (CMS-CU)

Update Rule

Count Estimation

Example

Counting Error (CE)
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Research Gap and Motivation

Quantifying CE of infrequent Items is crucial: Risk of misclassification as Heavy Hitters
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Research Gap and Motivation

Stream: N = 104, T = 5 * 105, pi ∼ 1/i

Sketch: (M, d) = (1000,5)

Inflated Count  CE of infrequent items≈

Quantifying CE of infrequent Items is crucial: Risk of misclassification as Heavy Hitters
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Research Gap and Motivation

Stream: N = 104, T = 5 * 105, pi ∼ 1/i

Sketch: (M, d) = (1000,5)

Inflated Count  CE of infrequent items≈ Critical Threshold ϕc

Quantifying CE of infrequent Items is crucial: Risk of misclassification as Heavy Hitters

∼
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Research Gap and Motivation

Stream: N = 104, T = 5 * 105, pi ∼ 1/i

Sketch: (M, d) = (1000,5)

Inflated Count  CE of infrequent items≈ Critical Threshold ϕc

Quantifying CE of infrequent Items is crucial: Risk of misclassification as Heavy Hitters

∼

Quantifying CE of infrequent items Near-optimal Configuration of CMS-CU
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Contribution: Definitions
Definition 1 [Counting Error (CE)]

Definition 2 [Unseen Items’ Error (UE)]

e0(t) ≜ min
c∈X

Yc(t) : X ∼ Unif(([M]
d )) .

ei(t) ≜ ̂ni(t) − ni(t) .
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Contribution: Definitions
Definition 1 [Counting Error (CE)]

Definition 2 [Unseen Items’ Error (UE)]

Definition 3 [Reference Error (RE)]

e0(t) ≜ min
c∈X

Yc(t) : X ∼ Unif(([M]
d )) .

ei(t) ≜ ̂ni(t) − ni(t) .

Ỹc(t + 1) = {
Ỹc(t) + 1, if c ∈ argminu∈Xt+1

Ỹu(t),

Ỹc(t), otherwise.
, (Xt) and X are i.i.d.

e*(t) ≜ min
c∈X

Ỹc(t),
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Contribution: RE is important
Theorem 1 [From CE to UE]: Pr (ei(t) ≥ x) ≤ Pr (e0(t) ≥ x)

1) UE is a proxy for the errors of infrequent items


2) The false positive rate in -Heavy Hitters can be bounded in terms of UEϕ
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Contribution: RE is important
Theorem 1 [From CE to UE]: Pr (ei(t) ≥ x) ≤ Pr (e0(t) ≥ x)

Theorem 2 [From UE to RE ]: For a class of skewed streams: E [e0(t)] ≤ Ck + αkE [ ̂e*,k(t)]
Counters Stream

̂e*,k(T)

e*(T) [M]

[M]∖∪k
i=1h(i)

r = (rt)t∈[T]

r∖Top k

1) UE is a proxy for the errors of infrequent items


2) The false positive rate in -Heavy Hitters can be bounded in terms of UEϕ
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Contribution: RE is important
Theorem 1 [From CE to UE]: Pr (ei(t) ≥ x) ≤ Pr (e0(t) ≥ x)

Theorem 2 [From UE to RE ]: For a class of skewed streams: E [e0(t)] ≤ Ck + αkE [ ̂e*,k(t)]
Counters Stream

̂e*,k(T)

e*(T) [M]

[M]∖∪k
i=1h(i)

r = (rt)t∈[T]

r∖Top k

2) These bounds are valid for any stream if: 

1) These bounds are provably tight for some streams

1) UE is a proxy for the errors of infrequent items


2) The false positive rate in -Heavy Hitters can be bounded in terms of UEϕ

Computing RE is important

Conjecture 1: E [ ̂e0,k(t)] ≤ E [ ̂e*,k(t)]
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Contribution: Computing RE

Ỹc(t + 1) = {
Ỹc(t) + 1, if c ∈ argminu∈Xt+1

Ỹu(t),

Ỹc(t), otherwise.

Analyzing  is difficult Ỹ

2)  is a Markov process but its state space grows fast with timeỸ

1) Complex dependency on , vs CMS: Xt+1 Yc(t) =
t

∑
s=1

I (c ∈ Xs)
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Contribution: Computing RE

Ỹc(t + 1) = {
Ỹc(t) + 1, if c ∈ argminu∈Xt+1

Ỹu(t),

Ỹc(t), otherwise.

B̃c(t + 1) = {
B̃c(t) + 1, if c ∈ min argminu∈Xt+1

B̃u(t),

B̃c(t), otherwise.
,

Analyzing  is difficult Ỹ

2)  is a Markov process but its state space grows fast with timeỸ

3) Similar to a Balls and Bins with Power of d:  B̃

1) Complex dependency on , vs CMS: Xt+1 Yc(t) =
t

∑
s=1

I (c ∈ Xs)

Number of increments is  in  but random in  d B̃ Ỹ
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Contribution: Computing RE

Ỹc(t + 1) = {
Ỹc(t) + 1, if c ∈ argminu∈Xt+1

Ỹu(t),

Ỹc(t), otherwise.

B̃c(t + 1) = {
B̃c(t) + 1, if c ∈ min argminu∈Xt+1

B̃u(t),

B̃c(t), otherwise.
,
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2)  is a Markov process but its state space grows fast with timeỸ

3) Similar to a Balls and Bins with Power of d:  B̃

1) Complex dependency on , vs CMS: Xt+1 Yc(t) =
t

∑
s=1

I (c ∈ Xs)

Number of increments is  in  but random in  d B̃ Ỹ

Key Ideas 

1) Alternate representation: 

Δ(t) : Δl(t) ≜
m

∑
c=1

I (Ỹc(t) − Ỹmin(t) = l) .
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Contribution: Computing RE

Ỹc(t + 1) = {
Ỹc(t) + 1, if c ∈ argminu∈Xt+1

Ỹu(t),

Ỹc(t), otherwise.

B̃c(t + 1) = {
B̃c(t) + 1, if c ∈ min argminu∈Xt+1

B̃u(t),

B̃c(t), otherwise.
,

Analyzing  is difficult Ỹ

2)  is a Markov process but its state space grows fast with timeỸ

3) Similar to a Balls and Bins with Power of d:  B̃

1) Complex dependency on , vs CMS: Xt+1 Yc(t) =
t

∑
s=1

I (c ∈ Xs)

Number of increments is  in  but random in  d B̃ Ỹ

Key Ideas 

1) Alternate representation: 

Δ(t) : Δl(t) ≜
m

∑
c=1

I (Ỹc(t) − Ỹmin(t) = l) .

2) Variants of : 


CU-LB ( ) and CU-UB ( )

Ỹ

Ỹlb,g Ỹub,g

2.1)  is a finite state space 


Markov chain of size 

(Δg(t))t

(m + g − d
g )

2.2) Ỹlb,g ≤ Ỹ ≤ Ỹub,g
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Contribution: Computing RE
If Xt+1 ⊂ argmaxc∈[m]Y

lb,g
c (t),  and Glb,g(t) = g If Xt+1 ⊂ argmaxc∈[m]Y

ub,g
c (t),  and Gub,g(t) = g

Ỹlb,g(t + 1) = Ỹlb,g(t) Increment all min value counters and those in Xt+1
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Contribution: Computing RE
If Xt+1 ⊂ argmaxc∈[m]Y

lb,g
c (t),  and Glb,g(t) = g If Xt+1 ⊂ argmaxc∈[m]Y

ub,g
c (t),  and Gub,g(t) = g

Ỹlb,g(t + 1) = Ỹlb,g(t)

Otherwise:

Increment all min value counters and those in Xt+1

Otherwise:

Ỹlb,g(t + 1) = CU (Ỹlb,g(t)) Ỹub,g(t + 1) = CU (Ỹub,g(t))
Glb,g(t) ≤ g, Gub,g(t) ≤ g
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Contribution: Computing RE

Theorem 3:

1) ℓg < ℓg+1 ≤ E [e*(T)/T] ≤ Ug+1 < Ug

3) lim
t→∞

Pr (ℓg(∞) ≤ e*(t)/t ≤ Ug(∞)) = 1

2) ℓg and Ug can be computed in 𝒪 ((T + g)m (m + g − d
g ))

If Xt+1 ⊂ argmaxc∈[m]Y
lb,g
c (t),  and Glb,g(t) = g If Xt+1 ⊂ argmaxc∈[m]Y

ub,g
c (t),  and Gub,g(t) = g

Ỹlb,g(t + 1) = Ỹlb,g(t)

Otherwise:

Increment all min value counters and those in Xt+1

Otherwise:

Ỹlb,g(t + 1) = CU (Ỹlb,g(t)) Ỹub,g(t + 1) = CU (Ỹub,g(t))
Glb,g(t) ≤ g, Gub,g(t) ≤ g



Thank you.
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