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Proportional allocation (Kelly) auctions
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Revenue: ∑
i

zi Agent Gains:  Vi(xi(z)) Social Welfare (SW): ∑
i

Vi(xi(z))

1. Users submit bids 


2. Resource owner allocates  

zi ≥ 0

xi(z) =
wi(zi)

∑j wj(zj)



Kelly Game
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Actions set:  ∏
i∈ℐ

[ϵ, ci]Players set: ℐ Utilities ϕi(zi, z−i) = Vi(xi(zi, z−i)) − zi



Kelly Game
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Actions set:  ∏
i∈ℐ

[ϵ, ci]Players set: ℐ Utilities ϕi(zi, z−i) = Vi(xi(zi, z−i)) − zi

Definition (Nash equilibrium):  is NE iff z* ∀z, ∀i, ϕi(z*i , z*−i) ≥ ϕi(zi, z*−i)



Kelly Game
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Actions set:  ∏
i∈ℐ

[ϵ, ci]Players set: ℐ Utilities ϕi(zi, z−i) = Vi(xi(zi, z−i)) − zi

Defi ffz* ∀z, ∀i, ϕi(z*i , z*−i) ≥ ϕi(zi, z*−i)

Nice properties of Kelly:

Good social welfare at NE: 3/4 (no budgets) 1/2 (with budgets)



Research Gap and Contributions
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Can we reach NE and good social welfare in dynamic settings? 

Repeated Kelly game (Synchronous):  z𝒜
i (t) = f(z(1), …, z(t − 1))

max∑
t

ϕi(z𝒜
i (t), z−i(t))
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Can we reach NE and good social welfare in dynamic settings? 

Repeated Kelly game (Synchronous):

Previous results: For linear  Vi
1. Convergence of Fictitious play to NE


2. Convergence, in utility, to NE under no-regret

 z𝒜
      

max∑
t

ϕi(z𝒜
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Can we reach NE and good social welfare in dynamic settings? 

Repeated Kelly game (Synchronous):

Previous results: For linear  Vi
1. Convergence of Fictitious play to NE


2. Convergence, in utility, to NE under no-regret

 z𝒜
      

max∑
t

ϕi(z𝒜
 

Our results (informal): For a 
family 

of  including V′￼is ln

1. Motivation for 


2. Uniqueness NE under general conditions


3. Converge to NE under OGD, DA, and BR

Vi ∝ ln



Best-response dynamics
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Best response operator BRi(s) = arg max
zi∈[ϵ,ci]

φi(zi, s)

BR updates: zBR
i (t) = BR(z−i(t − 1))



Best-response dynamics
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Best response operator BRi(s) = arg max
zi∈[ϵ,ci]

φi(zi, s)

BR updates: zBR
i (t) = BR(z−i(t − 1))

Asynchronous BR updates 

in potential games with finite action sets Convergence to NE



Best-response dynamics
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Best response operator BRi(s) = arg max
zi∈[ϵ,ci]

φi(zi, s)

BR updates: zBR
i (t) = BR(z−i(t − 1))

Asynchronous BR updates 

in potential games with fi Convergence to NE

Synchronous BR are fixed point iterations

Contraction via Jacobian matrix: sup
z

| |JBR(z) | | < 1



No-regret learning
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At every iteration t ∈ {1,2,…, T}

1. The agent selects a decision 


2. Nature selects a reward function 


3. Agent observes  and gains 

z(t) ∈ 𝒳 ⊂ ℝd

ut : 𝒳 ↦ ℝ, ut ∈ ℱ

ut ut(xt)



No-regret learning
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At every iteration t ∈ {1,2,…, T}

1. The agent selects a decision 


2. Nature selects a reward function 


3. Agent observes  and gains 

z(t) ∈ 𝒳 

ut : 𝒳    

ut ut(xt)

Objective: RegT(𝒜i) = o(T) RegT(𝒜) ≜ max
z∈𝒳

T

∑
t=1

ut(z) −
T

∑
t=1

ut(z𝒜(t)) .



No-regret learning
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At every iteration t ∈ {1,2,…, T}

1. The agent selects a decision 


2. Nature selects a reward function 


3. Agent observes  and gains 

z(t) ∈ 𝒳 

ut : 𝒳    

ut ut(xt)

Objective: RegT(𝒜   RegT(𝒜 
𝒳












𝒜

In a game : ut(z) = ϕi(z, z−i(t))



No-regret learning
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Define gradient at each step: g(i),𝒜i
t ≜ ∂iut

i(z
𝒜i
i (t)),

Online Gradient Descent (OGD): 

zOGD
i (t + 1) = Π[ϵ,ci] (zOGD

i (t) + η(i)
t+1g

(i),OGD
t ),



No-regret learning
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Defig(i),𝒜
 


𝒜


Online Gradient Descent (OGD): 

zOGD
i (t + 1) = Π[ϵ,ci] (zOGD

i (t) + η(i)
t+1g

(i),OGD
t ),

Dual Averaging with quadratic regularizer (DAQ):

zDAQ
i (t + 1) = Π[ϵ,ci] (η(i)

t+1g
(i),DAQ
1:t )

η(i)
t = 𝒪 ( ciϵ

ai T )If Vi = ai ln



No-regret learning
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• Relevant results in the literature

Convergence of OGD and DA to NE

of the game with utilities Ui



No-regret learning

19

• Relevant results in the literature

Convergence of OGD and DA to NE

of the game with utilities Ui

•  is convex


•  is concave

Ui(xi, ⋅ )

∃λ > 0 : ∑
i

λiUi(x)
Convergence of the average action 

to NE



Numerical Results (Homogeneous updates)

20

γ = 0 γ = 5 γ = 10

Vi(x) = (100 − γi)ln(x), ∀i ∈ [10], ϵ = 1, ci = 400Experimental setup:



Numerical Results (Heterogeneous updates)
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Numerical Results (Heterogeneous updates)
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Future work
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• Extension to multiple resources


• Fixed budget over all rounds: Online Knapsack problem?


• Heterogeneous updates, e.g., Bimatrix games



Thank you.
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