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Streaming Algorithms
• Catalog of items 𝒞, |𝒞 | = n𝒞

• Data Stream  R = (R1, …, RT) ∈ 𝒞T

• Objective: Key features about  at each R1, …, Rt t

• Example: • Count of item : 


• Top  items 

•  Heavy-Hitters


•

i Ni(t)
k

ϕ
∥N(t)∥p
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Streaming Algorithms

• Example: • Count of item : 


• Top  items 

•  Heavy-Hitters


•

i Ni(t)
k

ϕ
∥N(t)∥p

• Applications: Network monitoring and clickstream analytics  

• Constraints: High arrival rate  memory + one pass + fast processingo(n𝒞)

Settle for approximations

• Data Stream  R = (R1, …, RT) ∈ 𝒞

• Objective: Key features about  at each R1, …, Rt t
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Classical Streaming Algorithms

• Counter-Based: Maintain (i, N̂i(t))i∈St
: |St | ≪ |𝒞 |

Example: Space Saving [4], Frequent [1,2]
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Classical Streaming Algorithms

• Counter-Based: Maintain (i, N̂i(t))i∈St
: |St | ≪ |𝒞

Example: Space Saving [4], Frequent [1,2]

• Sketches or hash-based data structures:

1. Maintaining a vector  of size 

2.  (Random and sparse matrix)

3.

Y(t) m = o(n𝒞)
Y(t) = N(t) ⋅ Π
N̂i(t) = f(Yh1(i)(t), …, Yhd(i)(t)) : d ≪ m

Example: Count-Sketch [3], Count-Min-Sketch [5]
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Count-Min Sketch (CMS)

• Generate  uniformly at random such that:Π πi,j ∈ {0,1},
m

∑
j=1

πi,j = d ≪ m

• Example ( )N = 5, m = 4, d = 2

• At each step , maintain t Y(t) = N(t) ⋅ Π

N(t) = [10 10 1 1 1]  (  estimators)Y(t) = [21 2 12 11] d

8



Count-Min Sketch (CMS)

• Generate  uniformly at random such that:Π πi,j ∈ {0,1},
m

∑
j=1

πi,j = d ≪ m

• Example ( )N = 5, m = 4, d = 2

• At each step , maintain t Y(t) = N(t) ⋅ Π

N(t) = [10 10 1 1 1]  (  estimators)Y(t) = [21 2 12 11] d

• Query for an item ’s counti N̂i(t) = min
c: πi,c=1

Yc(t)

• Example: N̂1 = min(21,12)
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Count-Min Sketch (CMS)
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Count-Min Sketch (CMS)
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Count-Min Sketch (CMS)
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Elastic-Sketch
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Elastic-Sketch

•  buckets


• Hash function 


• Eviction threshold 

m1

β : 𝒞 ↦ [m1]

λ ∈ ℕ
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 to sketch

(Sb, V+
b , V−

b ) = (x,1,0)

add(id, V+
b )



Elastic-Sketch

•  buckets


• Hash function 


• Eviction threshold 

m1

β : 𝒞 ↦ [m1]

λ ∈ ℕ

• Count estimation:  N̂i = 1{Sβ(i)=i}V+
β(i) + min

l∈[d]
Yl,hl(i)
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Motivation
• ARE: Average Relative Error


• Zipf streams with skew 


• 100 streams (Q1–Q3)

α = 1.2

m1 = 50, w = 200, d = 1
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Motivation
• ARE: Average Relative Error


• Zipf streams with skew 


• 100 streams (Q1–Q3)

α = 1.2

m1 = 50, w = 200, d = 1

• : Fraction of memory for Heavy-blockγ

, 2m1 + w ≈ 300 λ = 5
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Motivation (Questions)

Given an arrival distribution  with support :   p = (pi)i∈𝒞 n𝒞 Pr (Rt = i) = pi
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• What is the memory-accuracy trade-off?


• How to choose  and  for ?λ γ p
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Contributions
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5.1 Limiting behavior  
5.1.1 Heavy block 
5.1.2 CM block and error 

5.2 Near-Optimal Configuration 
5.2.1 High probability upper bound on  
5.2.2 Efficient configuration

λ*(β)



Elastic-Sketch (Recap)

•  buckets


• Hash function 


• Eviction threshold 

m1

β : 𝒞 ↦ [m1]

λ ∈ ℕ

• Count estimation:  ̂ni = 1{Sβ(i)=i}V+
β(i) + min

l∈[d]
Yl,hl(i)
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 to sketch

(Sb, V+
b , V−

b ) = (x,1,0)

add(id, V+
b )



Limiting behavior (Heavy block)
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Definition: Aggregate filtering/absorption: Gβ(λ) ≜ lim
τ→∞

1
τ

m1

∑
b=1

V+
b (τ)



Limiting behavior (Heavy block)
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Definition: Aggregate filtering/absorption: Gβ(λ) ≜ lim
τ→∞

1
τ

m1

∑
b=1

V+
b (τ)

Theorem 1:  admits a closed form expression and its expectation  can be 
computed in .

Gβ(λ) gβ(λ)
𝒪(n𝒞)



Limiting behavior (Heavy block)
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Definition: Aggregate filtering/absorption: Gβ(λ) ≜ lim
τ→∞

1
τ

m1

∑
b=1

V+
b (τ)

Theorem 1:  admits a closed form expression and its expectation  can be 
computed in .

Gβ(λ) gβ(λ)
𝒪(n𝒞)

50 Zipf samples with , , , α = 0.8 m1 = 200 n𝒞 = 104 τ = 5 × 105



Limiting behavior (Proof)
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Collisions set , and 𝒞b = {i ∈ 𝒞 : β(i) = b} μb = ∑
i∈𝒞b

pi

Define Mb(t) = (Sb(t), Ub(t)) : Ub(t) = λV+
b (t) − V−

b (t)



Limiting behavior (Proof)
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(Sb(t + 1), Ub(t + 1)) =

(Sb(t), Ub(t)), w.p. 1 − μb,

(Sb(t), Ub(t) + λ), w.p. pSb(t),  if Ub(t) > 0,

(Sb(t), Ub(t) − 1), w.p. μb − pSb(t),  if Ub(t) > 0,
(i, λ), w.p. pi,  if Ub(t) = 0, ∀i ∈ 𝒞b,

Collisions set , and 𝒞    𝒞     μb = ∑
i∈𝒞



DefiMb(t) = (Sb(t), Ub(t)) : Ub(t) = λV+
b (t) − V−

b (t)

0

(A,1)

(A,2)

(A,3)

(A,4)

(B,1)(B,2)(B,3)(B,4) (C,4)(C,3)(C,2)(C,1)
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DefiMb(t) = (Sb(t), Ub(t)) : Ub(t) = λV+
b (t) − V−

b (t)

0

(A,1)

(A,2)

(A,3)

(A,4)

(B,1)(B,2)(B,3)(B,4) (C,4)(C,3)(C,2)(C,1)

Define  and λi(β) =
μb

pi
− 1 λ(1)

b = min
i∈𝒞b

λi(β)

Sb(∞){does not exist,  if λ ≤ λ(1)
b

exists otherwise
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DefiMb(t) = (Sb(t), Ub(t)) : Ub(t) = λV+
b (t) − V−

b (t)

0

(A,1)

(A,2)

(A,3)

(A,4)

(B,1)(B,2)(B,3)(B,4) (C,4)(C,3)(C,2)(C,1)

Defi λi(β) =
μb

pi
− 1 λ(1)

b = min
i∈𝒞



Sb(∞){does not exist,  if λ ≤ λ(1)
b

exists otherwise
Pr [Sb(∞) = i] = ai,β(λ) lim

τ→∞

V+
b (τ)
τ

= ∑
i∈𝒞b

pi 1{Sb(∞)=i}
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λ*(β)



CM block and Error
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Definition: :  ( ) are i.i.d. uniformErr(0)(t) = min
l∈[d]

Yl,Xl
(t) Xl

Lemma: Pr (Erri(t) ≥ x) ≤ Pr (Err(0)(t) ≥ x)



CM block and Error
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Theorem 2:   E [Err0] =
1

m2
(1 − E[gβ(λ)])

Lemma: Pr (Erri(t) ≥ x) ≤ Pr (Err(0)(t) ≥ x)
Definition: :  ( ) are i.i.d. uniformErr(0) = lim

τ→∞

1
τ

min
l∈[d]

Yl,Xl
(τ) Xl

Proxy for comparison in terms of  and memory split between blocksλ

Definition: :  ( ) are i.i.d. uniformErr(0)(t) = min
l∈[d]

Yl,Xl
(t) Xl
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Near-Optimal Configuration
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Optimal configuration:  (λ*, m*1 , m*2 ) ∈ argmaxλ∈ℕ,ρm1+m2≤m
1

m2
(1 − ḡ(m1, λ))



Near-Optimal Configuration
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Optimal configuration:  (λ*, m*1 , m*2 ) ∈ argmaxλ∈ℕ,ρm1+m2≤m
1

m2
(1 − ḡ(m1, λ))

Definition: λ*(β) = argmaxλ∈ℕ gβ(λ)

Definition: λ*m1
≜ argmaxλ∈ℕ ḡ(m1, λ)



Near-Optimal Configuration (High probability bound)
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Theorem 3:  If  and , w.h.p., 





With equality under the uniform distribution 

m1 → ∞ n𝒞 > > m1

λ*(β) ≤
n𝒞

m1
+ 𝒪

n𝒞 ln m1

m1
,



Near-Optimal Configuration (Efficient configuration)
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Theorem 4 [Candidates set]:  λ*m1
∈ Λ(m1)



Near-Optimal Configuration (Efficient configuration)
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Theorem 4 [Candidates set]:  λ*m1
∈ Λ(m1)

n𝒞 = 104 α = 0.8m1 = 200



Near-Optimal Configuration (Efficient configuration)
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 samplesm = 1000, n𝒞 = 104, 50



Near-Optimal Configuration (Efficient configuration)
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 samplesm = 1000, n𝒞 = 104, 50

α = 0.8 α = 1.0 α = 1.2

 (5 maps x 5 streams)λ = 5, ρ = 2



Future work
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How does , and the optimal memory split depend on Zipf( )?


How can predictions be integrated in Elastic sketch?

λ*(β) α



Thank you
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